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e Section 2.1 - Introduction to Sets: This is meant to be a review section, just use it a

a reference when solving the assigned exercises.

o Do exercises 9, 16, 17.

o Choose two exercises among 48, 19, 20a, 20b, 21a, 21b, 21c, and 21d.
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and the complement of a set in another set.
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Provide some examples to explain the union, the intersection, and the difference of two (or more) sets,

Let A, B, C be three sets. Prove the following set identity via double inclusion.

(B\A)U(C\A) = (BUC)\A

by using double inclusion.

Hint. We prove the inclusion (B\A) U (C\A) C (BU C)\A leaving the other one as an exercise.

%

Let us assume z € (B\A) U (C\A), we want to show that € (BU C)\A. Let us translate = €
(B\A) U (C\A) into words:

“zis in B (but not in A) or z is in C (but not in A)”.

We can tell for sure that z is not in A since, being in A is not allowed in both cases, moreover, we know

that o is in B or in C, therefore we can say that

“risin B or in C, but z is not in A”.

Since the last sentence translates as x € (B U C)\A, we have proved the inclusion (B\A) U (C\A) C

0

We now need 4o Prove BU(,)\‘(J §-_C \A-\Ug ).
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Let A; = {1,2,3,...,i} fori=1,2,3,.... Determine the following sets:

3
\ ' n
(a) UA:‘: A”
=1
|
A!= 15 Since | unon a‘lfap-.w.‘bq is Jﬂ, tlewents in af leagt 13_.,{;
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Complete the proof of Proposition 2.1.31 by demonstrating the following statement.

Let A := {A;}ier be a family of sets. Then we have the following inclusion for any j € I:
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Section 2.2 - Introduction To Functions: This is meant to be a review section, just

use it as a reference when solving the assigned exercises.

o Do exercises 10, 11, 12.

o Choose one exercise among 13, 14, 15.
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Consider the function

Q=\{0} — Z

\ [ ) ) P(z) — deg(P(z)).
\V
In other words, f assigns to each non-zero polynomial, its degree.
Determine Im(f) and f~1(3). (No need to prove your answer.)
= ) msla.vd’ d‘JD
- linees , | 4
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Let S be the set ol non-negative integers less than 10U. We can dehne the set S as a list of elements:
v“

8=40:1,2;3;.:,98,99}
while, in set builder notation, we can define the set S as:
S :={z € Z|0 £ z < 100}.

Let us define a function f : S — S. Let x be an element of x, we can write z = 10a + b, where a and b
are digits (we define a digit as an integer from 0 to 9). By using the function notation (2.1), we define
[ as follows:
f:8 = S
10a+b +— a-b.

In other words, we take a two-digit integer (where integers with a single digit are considered two-
digit integers with the first digit being equal to 0) and we multiply its digits. For example, we have

f(26)=2-6=12.
N e e
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(a) Determine whether the function f is one-to-one. If yes, prove that f is one-to-one, otherwise

provide a counter-example.

IS nol iﬂjcdiu:. + X, 12 and y: Al | Sinee %, #’x;/_ %{’h)a‘f'«d How ves, /f{’){,): |- 2=2
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(b) Determine whether the function f is onto. If yes, prove that f is onto, otherwise provide a counter-

example.

Fis not suechve. The lagest Bapit number ts 99, Ths oy gus th leest flo). 449 =9:7:81. Sinee Bl 1s e
largest | 40%), | L does net map to 52,83 ..., 99, So, s not onh.
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. Let us define the function

(o )
f:Rt = Rt
x — e

where R is the set of positive real numbers and e is the Euler’s number

2.7182818284590452353602874713527 . ..

(a) Determine whether the function f is one-to-one. If yes, justify your answer, otherwise provide a

counter-example.
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(b) Determine whether the function f is onto. If yes, justify your answer, otherwise provide a counter-
example.
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n Y u
</ (a) Show that f is one-to-one.
We are guen 1 3#'} A s 1-1, This means Hat i rg*)(h)"@ °'F)(9fz), then %, =%, Lo % )% 4.
LENEPILITA)
N J=1-"2))
/{’ Liﬂ.‘l' %, cA. As wme T (a, ='P('x; 1 e gﬂllli ) hﬂ-s;o’ﬂ, q(f ')C.))= L‘el%‘h, o Sy 00~
\ < -
gilen assum b %, 31X, S, bis -1
(b) Give an example where g o f in one-to-one, but g is not one-to-one. 1
| |
dn.AN {EZN"’Z g+ 3 - [N 4:1»£’N“>ﬂ~[
B-2 x—~>X M ox s« Y
CN A N A
~learte L 16 not I ls/I-1: g ()= q(%) = I%l=%
-)("' “"' T S "‘:. \= i ‘t ~ “ Nea. IN(/
o just wops Y da i self. 3( =q1) kil ary v
== 1) So thare are w0 Uolues
bt ) £ Ko [would wap o
ayaly pes)- -
|




F{ #Math 676/Chapt
{0 |}

o 5

|
er2-;"n

J”I@Wofl%(ﬁu\u —MEH'”\ (F’#Q’

o Choose 6 exercises.

|
Section 2.3 - Basic Properties of Groups.

Theorem 2.3.8. Cancellation Property In a group G we have:

®o ifa-b=a-cthenb=c;

e ifb-a=c-athenb=c.

The above properties are called left and right cancellation laws.

~ Prove the cancellation léws, Theorem 2.3.8.

¢” iﬁl— G be a qrovp | with identily elewente, and a, L,c €G.
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In the following, determine the order of the given elements in the given group.

4’:

(a) 3InZis  eoq (wdmos)

3+3=(

6t3=9 S-,

q+3 =12

243z 0 (:w.ts)
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+ [ (0,0) [co,1 (1,0 [(1,1)

(0,0) | (0,0) {(0,1) {(1,0) (1))
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".')jDetermine the order of the group Zs & Zs & Zs.

Remark 2.3.26. \We mention without proof the following two statements that may already be intuitive.

1 2 has m elements, then the external direct product

w‘,LMODJ l-zzl =2 ) ,Z_‘)’ = ; Z._"Sc
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Determine the order of (2,2,2) in Zg & Zg & Zs.

||||||||||||||||||||l€>b\||||

Order 11\2 D A+2= | (1%.3) Otder 2 in L5 3+2 =4
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Om}f/ Ain Z.‘ : A+2=4 Gr2=|10
1#226 1012 = 1%
[3]= 9 b+2=¢ 1242 M
342 | (i0%9) 44z =l ()
+2:3 1+2= 3
32-5 342+ S
52:7 S4qc #
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Section 2.4 - Subgroups. You can ignore Center of a Group and Centralizer of an

Element.

o Choose 6 exercises.
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Let G be an abelian group and define

H :={g € G| |g| < oo}

In other words, H is the set of elements of G of finite order. Prove that the set H is a subgroup of G.

—

abelian.

Hint. Make sure to show that the set H is non-empty and explain where you used the fact that G is

(‘?/ .+ N -emaht: We Know 'f'ch" becavse Gris aqroup, it contarrs €. Since ]e'=,' eeh s, fis "m-m-p‘:"'
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Determine whether the following subsets are subgroups in the corresponding groups.

\ Justify your
SRR (nomnp‘j (\:m\t sobsed. (Prove Clo.‘np“\
‘1) (a) {0,2} in Zy4,
|02 |
0[0]2 Closed ynyes nddition mod 4, so §0¢7( = 2,
alalo
(b) {0,2} in Z3,
*1012 Not closed ! Gine 342:1 (md3), 30,2 s ot asubgrovp o 2,
7 Jor 3
ol / | ¢ 50,2}
al O~
(¢) {2,4} in Zg
a L’ re Mé“’ 2'0509! Sive 3""l=0(m«)05, and O¢ fﬂ',‘@j 321‘!3 snot Sobjl vp n-'l ‘Z','
a0
4lo]a
rive an example of a group G and two subgroups H and K such that H U K is not a subgroup of G.
Justify your answer.
G:=Z,/  h-503H83/ K 503 HuK: 302,343
034 03 0234
Olo 2 4 0lo3 oo a3 4
ala 40 3|3 o 212 4® 0
414 0 & Closed, S0 33@0@
Closed, so. c..‘.,j-.-g'- Y1y 0 () 2
Sulogrovp. U Not Closed
At 3=5 but nether 5, 16HVK Soitis pota
432 | (med Q) SubJ/wb!

Let G be a group and let g be an element of G. Prove the following identity:

<g>={g"|ne€z}.

Proof. It is enough to show that the set {g"| n € Z} is a subgroup of G and that it is contained in < g >

which implies that < g >= {¢"| n € Z} by minimality of < g >. We leave the details of the proof to the —

reader. See Exercise 7. O
?J - J@* H"éf’f" ,V’GZ% %ﬂ?" 'Io Slﬂow ‘ﬂu" H 46
~bmpty © We. Know Hhat ‘J'-'s nonemphy.. Swnce n =Z LA n=0. S g°= e, s0 s eel, His non-cmphy
%!c; Mf GG. gn_&h".s"eH st m,nez uf._wgnl‘ do s "o el
3"3"=3~'m Eypvdui' ] h. Since m1t €2, "5"&”-
MWerse : J«.{'\,eé m:‘J 3" ¢ B Show inverse of-g"el.
@") = Q-h. Since -N € .y
Ths HeG. | T ° )




/\’om, how H==<Q>.

Btli‘l Linidion <3§' is H!SMM 30&0-'0"(3 Cm‘l’a.:mn?.c ) S0 amy Sobdrwp w.‘#\
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H
g
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ve <3>. Sivl:e_ q‘=q and q‘ 5"} 36”'

= Eveyelematof ¥ of S o) and <g> must huve ansy infg pue o g inocer to be O
S >, )

for leoch Q" el qhe<a> 5o HE<9>
L J 71 J
Sml l- =<g%.
! J
ThUS. Mr ni<=. agiovp q,wn) ae & Hg... £92 =§q"lne£_},8
N J [ J J v

Determine all the elements of the following subgroups.

/- (a) <2>inZs, <L2>=86343

<27 A+a=y
Y+ 2207 lotde2
(b) <3>inZ;, (K3>=801,2349563-Z;
3+3:06
bt3= A (4w P
A+3 = 5
St3z 1 (8rmed P
(434
Yt3:0 (7 wod #)
(c) <4>inZy. (L42=50,3,4,¢33

+4=F

'4"{ = 9\ (l’\ ™o lO’

d+d= b

G+4: 0 (lomed [0)

A \ Let us consider the function f : C* — C* defined as f(z) = z*. Prove that f is a group homomorphism -
\, J and determine ker( f). Czlecr —
Yfﬂg | ‘0up howmomys phism: (Shew ¢[¢l'9.=¢f“3” %)
dt ape I arf foshed Thot for oll 0, 6 €% 4lab)= $10) 416)
def, f-o 40 1. (ab) = apY
= a’h |Pover Ple So L isa grovp homo morp hes m.
= Ho) Hb) | Sobstidran, v

Ker ()= §2e 14613, Sy veved 4o She I-2°

re TS A Do Teal cubIc Toof
LI PR D W we-14 Y3
Th- kt/(J);sgﬂcoLi(‘,vnl‘S j f;o ku 4«)= El, z ¥l _21_ —‘é"; W=t
! |} ° while @ is the conjugate of w:
= 1
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Section 2.5 - Groups of Permutations. You can ignore Center and Centralizer of

Symmetric Groups and Cayley's Theorem.

o Choose 6 exercises.

Let o = [3, 2,

—

1] and 7 = [2,1, 3] be two elements of S3. Show that Too =(3,1,2]. |

06! TEW):-TH) Tob=0[212]"

T
TIE@)=T(2)
T6E)=TU)

a [u @

A

Evaluate the following operations in Ss:

(a) [2,1,3][2,1,3]

(31,5102, 33'#

(b) [2,3,1][t,3,2]

L23 70),3,4]1

(c) [2,3,1][2,3,1]

r45,0123.13 -G

e

[31213,30:0 2 3%}/

s
%




\ | List all the elements of Sa.

) 1Syl
[‘_lizﬂ [2134] [31a4] [41as
[1a433 [2143] T314a] [413 2
[13a4] [8314] 33147 [431 3]
13423 [2341] [3341] [Ha3 |
[1g23) [a4137 [3413) [H31a
[r4/32] T843 17 €342 [43a1]

For every element of S;, determine its inverse, in particular, list all permutations which are “self-

"\\ inverse”, more precisely, determine all the elements o € Sy such that ¢ o 0 = id. Then write all the
t’\ \ permutations in Sy which are self-inverse in cycle notation. Do you notice anything peculiar about the
J J ,, self-inverse elements of S;? Can you guess a generalization for S,,7

Permn f verse (:ch Peren [y rse C\{C{Q

[1334] | [1a34])+] O-e [3Va4] | [a3)Y]

[134933 | [a43]*| (34 L31431 | [ay13]

[13a4] |L13aylx| (a3) 033147 [ [3a143x| (13)

[1342) |[1433 292)»(as4) (33417 | [4213]

[Tya3) [[Izya ( [3413) [ D3y lal+ (13)(aH)

[r933] |LI432]%| (34) B3H3] | [4313]

far3y] |81 347 | Gay 4133) [ (R34 1]

fa1q3] [[@y3]x| 0nEY 4133 | By 31]

[3314] |[31a4] 43137 | [3a41]

[a341] |[4133] 42311 | Laastl=| (9

[a413] [[3144] 43121 | 344l

34317 [[413a] y3 a7l | (43a17%] (14) (23
ol s\t -inverse elements only Contam |Aeyeles (except for Hre it Al , N0 pesmns
Yhat swilch 3 elemab arovad (€139 f""“"‘?m 1'fe sel?-inverse | el an‘s..
ln ‘mqu, au elements for S, ot are Sel-inverse Clements will ”(1 Condain -l'ms?.g\ws, so 1 can
¢ undone, in one | moue




o e
Determine the order of [3,5,1,2,4] is S5.

N
N
D) Cycle Nobdon: [13) (245D —0rder i lew ot odess of disount
\ d-cyele 3-cycle '
_ ‘QWI (.:-,,3; =
11\ Determine the order of (2,4,5)(4,1,3) in Ss.
\\l\ | |
\\ices are not ais\-io.n'H Com?..-hoﬂ QH:)'L_‘_QL%\" te LJL)’- 3149051 3._‘]
|43 -
3-!2-91
4311
e Sm592
Peimdtabions £34,5121 = (1,3 5,2,4)
S-cyele’
Cwe W (Y13 (aysy
12945) > [ 2241 5][[34512]
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Section 2.6 - Cosets and Lagrange's Theorem. You can ignore Example 2.6.9 about

Dé.

o Choose 3 exercises.

e Y

of

—

H is S';

Si= e, (D03 (23) (122)(132)

List all the elements of each right cosets of H = {e,(1,2)} in S3 and all the elements of each left coset

Note. In this example you will see that the left cosets of a subgroup are not always equal to the right
cosets.

7/ / y 1
LeH' Co Sets _LZM|!|+ Co eds:
ch:e-ece el (i HF He: e-e-
e- (100 2) (12):e =
(1DH: (13)e= 013) 5 (13)H = H(13): e-(13)
13)(12)= (12.3) (2y()3
(2308 (23)e=(28) |, (23)4- H(23): e (22)
(a3)(12)=032) (12)(23)=

N\ Let G be a group with an element of order 40 and an element of order 26. What is the minimum
) possible order of G7 Justify your answer.
WeKwow that 34: we have oy elewant 9¢e9 the. or dev o!« 9 wides |G 1. Thus |6] s q muHiMJ-
Since| wehave twoelemenks, 16] s amolfiple v'J- beth, so We can AILM’ Crn of- hose. elenents ordec.
al = 243 H0=298) | So lem (6,40)=2°-513= 520
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Show that the group G = {e,a, b, ¢} satisfying the following Cayley table:

( Write the Cayley table of Zy & Zs. —

x| e a b c |

\ \ ZRZ,- ? (0,0, (0,0, (1,0) (l,l)} 2 e @ b e
\ + |00 |00 |11,0) |(1,1) T
(0,0 | (6,0) | (o, |1,00] (1, 1) a e & ¢ b —
(o) [(o1) | 10,00 | (1,1)] 01,00 blb ¢ e a |

06O [thn o0 ] (o0 c b a e

WO an | a,0| N (00
lS 15011101' plllc to ZZ ._T.q ZZ . "\ [:lv:r(t{‘n ‘f:.n;l.:‘.v:.:.q»lum, is a function ¢ : G — H between two groups (G.(3) and (H,g), such that for all ]
: ) #(a@b) = 6(a) 2 6(b).
In other words, the function ¢ preserves the operation

To
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(S ¢>- G~ H'
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i 0mo/ph\‘c }o 2192 ;- We acd "'o SlnooJ ‘HLA“' “«. a'aulb l’l mowme

is bitecdive.
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()= (0,

b (6)= (],¢

e,
¢ (e) = (0,0)

)

)

)

b (0)- (1,1

W 'u,"D'.cineJ: wc ,"nwl Hms 5 Q \m-l |-3¢f.’ne) {-u'l'j\'o"‘ bwause e ach d-:mwl' m'”w dDWIm sa qve CorS nc’f:-};

L Clg nt in ‘"! co-t)owam

omore®3 Sy fht | fo all abed, @ lab)= GRHE®

e.'!"\ L P(e-a)= ¢ (a)- (0,1) (ﬂm P reversdsP (ae)- («)\ .i‘" O (b-c)= 5(0.'5=('0,,I5

ey | Gle) Py (0,0)+ (0, (0,1 v Loy Ot @ed = (l,0)+ 1) = (0, v
.o Bla-a)= G (dr (0)0) L ¢ (a0 (1,0)

(e o) + Plas (0,1 + (0)1)= (6,0) ~ AN b () ey = (o, + (1,1 = (1,0) v
0.7 9la-b)= Oey: U1,1)

o 14 (o) + 4 (&)= (O 1) + 1, 0> (1,10~

e W Since each inpot maps to ad:ﬂm‘m poby i+ M);ﬂ‘y) Hen | %2y, So, by d(*ih."}l'm\, (It is 1.

t

0’{\“-‘“'/"“. Since cach clo ¢ in 2.,$£, Smp& 4'(3, we ”m@l thet ¢is o_v*"'o.

Si'\ce (b 5 a L;‘gdm OMOmo’ >lh'5»v;, 6 is isomorphic + ﬂ?Z




Section 2.7 - Normal Subgroups. You can ignore Example 2.7.13.

o Choose 3 exercises.

- r* i | = it Y R | | bl

”é ) Determine all the normal subgroups of S3.= § e, (5,(1%) (22),(123), (132)3

’mv“i
S 1ol . Y P 4 (4N §l gl o\D a2 A L€l flgaN ry )
dlfbsyou‘)s M‘. o3+ L&, 93,[¢c& U )"I ZCI Ul .‘}}j/ < L.ﬁ)]/ M= 2 » Ues, UJZ‘J
¢ o | “JUIIQ R NeC 0 N | /-.,,~|=A,'|.aec 2\
ceo st —becovse 3@:@ €gey o7 e gees L:jo:'f Jy = ¢%)

3 |Is ol br(wse 35’33 > O 1’-«»’ eacvd e S3

=~

te, Since| geq =€ eH, il g )3 eH ¥ 9eS; His mormal.  U)CID(13Y = 122 A, 5o His vt normal

P)ra- m%w%svmj, e (12)(13) (12) = {.7—“}‘ and UZ)(Z )(12) (iS)/ then e, (23)} a9 ¢e,(13)3 are mot normal.
n . ol N [N
My« H‘C;kmﬂ \ At !‘|3 1S noveals b\’ £ N’YT 2 ;.8
"\:I'.‘\ C oSy, 0 ; 1o
A ) :)3, l-|3 [ Y[} novjm JfNFs o’, 3.

ﬁ}— Prove that the function ¢ : S,, — Z> defined for every element o of S5 as:

¢(o) = 0 if the permutation o is even,

¢(0) = 1if the permutation o is odd.

Definition 2.5.27. A permutation that can be written as a product of an even (odd) number of

lS a glou.p h0m01]10rphi51n- transpositions is called an even (odd) permutation.
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Let ¢ : Zzy — Z3o such that ker(¢) = {0,10,20} and ¢(23) = 9. Determine the preimage ¢~*(9).
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Section 2.8 - Quotient Groups. You can ignore Example 2.8.12, Cauchy's Theorem
for Abelian Groups, and Quotient by the Center.

o Choose 3 exercises among 1, 2, 3, 4, 5, and 6.

o Exercise 12.

o Choose 2 exercises among 14, 15, 16.

\ | Determine the internal product of the coset (2,3) < (1,2) > with itself in S3 by listing all the elements. |
) Z(-A>
Ve, 01235
(IBY <(r2)7 = § 3 e, (23)UI2)} = ¢ 23), (1323
123
a1 (3
3%
r 12197
(23) (23)= 3333
= (23) (132) (132) (283 = 332
(27.‘) e (l?.) 23) (32 19322
77 a g
{1292\ ] (1) (1922) 322
Live) o) ey
[|32) (132) = 19392
FEIEE
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\‘Let G = Zoy and let H be the subgroup of Za4 generated by 4. Determine G/H up to isomorphism. -

We know 1had H: 504 6 12,10 20}=<u>

7 ‘ 4

G/ -_Z-u/<q>=2'o+<q>) l424P 2A3<2p+3+<4p3

~

O+<4) = 2ys N Th opentin of Z24/24> are addikion med 4, O
+447: 41,5,9,13, 13, ) D '

34447: §2,b,10,0y,1%,223 |/

3144 &3,%41,1519,23) '




L] B

.

Let H be a normal subgroup of a group G and define the projection function:

./

$:G — G/H
olg) = gH.

Prove that the function ¢ is a group homomorphism and H is the kernel of ¢.

Prove Qs o grasp bowomghisn™ G262 6/H isa homamerpures :f- Vs, 90 €6, § (35~ 96,589
Rolip g A AL U
Oy [Oel of ¥, TP L9, z)=@.3;)1'.
N " N , |
ow, we must show (b y)d@)* (9,931
M, Jl \ \ | n PEE LN
9 (’laa)-“ 3' 3; Lh‘s nosmel 7 Thetr €B.X)
-(3"31); Cd
{‘/ is |aqiovp .hw’mlp\ﬁs»n
WL rb\- J
‘ove = Ke/lWJ -
4\ .l ¢ | \ 12
(8 5g¢61 9l5)=H3
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P o N = b fa). 1
e, ke (§)= 0(9)=
R H#/ which iSon}(, “Nuq ;«,‘-86#.
AV
o Ker (Q)F 1.

N
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N\
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DosAive

Corollary 2.8.18.

to the quotient group G/ ker(¢).

Nor
Prove that the quotient group R*/{1,—1} is isomorphic to the group R™ by providing a surjective
group homomorphism ¢ : R* — RT such that {1,—1} is the kernel of ¢, in other words, by applying

4 Corollary 2.8.18. If ¢ : G — K is a surjective group homomorphism, then the group K is isomorphic
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Prove that Z,, (n > 2) is simple if and only if n is prime.
2 e

X

N

rine.

‘{»Zﬂ is SiMPL', thea| n s

©

Sine, Z.\fJLMFI., T ody norem ubamFs are | 504 ard & L ¢ Know that he s&;lnma@n oy
Wi Is4

b\c th d n. | Becovse 's_a}aslit\-\/ euery | Sub geoup i nosmol. Becavse The ly.l\«l‘ nor Sub\(’NNPs ax | 503 and Z, ,
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L <
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must be @0diVisor of | The londvo,[,é..., Thys, e ’mk,, Poss;ble St groups e $0} and 2.

Thus Z, ;s Simple. ;@,:g?.é'sgv}i;mm;ﬁlm ket s ¢ A e ) s
N I ——
‘\ ) Prove that the group Aj is simple. ,ﬁ‘h: g e, (122 it _52,3
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