o
"\ |‘ / ] ‘4 l‘ 7’ #Math 676 ‘+ l‘
heory Exam = Math (F6 Moo 75, e hn
|}
(I) Choose 3 of the following exercises. General remark: unless specified otherwise, there is |
. no need to justify as long as your answer is correct and complete. L
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Theorem 2.4.6. Finite Subgroup Test Let G be a group and let H be a finite subset
0(6 U\ H - ’3 of G. If H is closed under the operation of G, then H is a subgroup of G.
= ée
H:fe (2)3 = 0D ey
ot Hs Se, (1] — Um0 § 0= el
Hy-5e (233 > | (23)(23)=e ,.,,,_'é_;‘,,,,uv’
o He=§e (123 033D, | (e3(i23y=032) | (13)013). (123)  Lizs)lsddze. (132 (jashee? \ (0¥l
° °; ” ’ - 19243 a0 1932 1331 [52m LV (gv
a=341 5143 4132 29302 < S
3T Bd2ht 2243 3943
e Her £¢,02), 03, 132, (123), (2=
" (12)(13)= (320 (1)|(12)- U23) (1) (132 = (13| (13) (132)x (2
13 22 12323 19391
21 A 23 a9|»2 3193
30192 B>\ 3920/ 3292
; - y 1Y
Determine all the subgroups of Z5. =%9,(%:3 -,
|
L IZLS 2 15 - Ondess L{- Sdogroups must be eilhur o0rde~ 1,3,5 15
ot = §0
o3 [}, <50, 5] 103 = <5
s N 503 [ 9123:=433
l3 ‘\l“’l F/ l, & J
I\&l‘( Hq'é’&‘EG, 12/2/ ’l'-‘;
\ ; : ;
e Determine the inner product of < (1,2) > and < (3,4) > in Sj.
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We recall that the internal product of two subsets S and T of a group G is the set
62 ( 3 Ll ) ST := {x € G| z = st for some element s is S and some element ¢ in T'}.
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*  (II) Choose 3 of the following exercises. General remark: unless specified otherwise, you

— to justify your answer.
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Look for a proof that the group Aj; is simple, then sketch the main steps of the proof

N’

and point out which steps are unclear. Mention the source where you found the proof.
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Proposition 1. The group As is simple.

WJ J a\ Proof. There are 5 conjugacy classes of As. The table below contains a representative and the

order of each one:

Representative from Conjugacy Class | (1) | (12345) | (21345) | (12)(34) | (123) ‘

Www- Ma'nn. ba’owa'hw,u/'da 'ouj"/MA'

s 'b 35|//A ‘Sh% P" a“@ No“c:,P'f-_ Order of Conjugacy Class 1 12 12 15 20 ‘

Any normal subgroup N < As must be a union of these conjugacy classes, including (1). Further,
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the order of N would divide the order As. However the only divisors of [A5| = 60 that are possible  _

by adding up 1 and any combination of {12,12,15,20} are 60 and 1. Thus N = {1} or N = A,,

and A, is simple. (m]
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Let H be a normal subgroup of order 3 in a group G of order 111. Prove that G/H
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is abelian.

Theorem 2.6.15. Let G be a finite group of order p where p is a prime number. Then G is cyclic; that
is, G is isomorphic to Z,.

l Proposition 2.3.22. Let ¢ : G — H be a group isomorphism, in particular, the groups G and H are
isomorphic. Then the group G is abelian if and only if the group H is abelian.
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Let G be a group of order 10 containing ex‘%,étly 5 elements of order 2. Let H be the

)
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set of the 5 elements of GG not of order 2. Prove that H is a normal subgroup of G
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