Homewor ke # 2 = Math 51| Maa'g.-e

|> Let £ be a relation on R x R, where ((a,b),(c,d)) € € if vVa? + b* =

bo
_{k
S

[\

(a) Prove that £ is an equivalence relation on R x R.

PALS  Reflexes on
/AV/ ¢ Soppese a,b € R. Tl"e“) lo* e = Jatabr . This 5 clearly true,

So & is reflexive.

Syme+rtc: (Sh-w d ((q,b),(c,a))ei thea Ugcﬁ,(a,&)éf,

dot o‘/b/('./o, eR and [atrer =c*ed. B‘f propeiies of “"ua!-‘*Y/ Ictrd® =Ja%et*
So, (IC,J)J (a,b)) ef land itis SymM&"’ﬂC.

Transit e !
dot Q,h,c,J,e,,\E el QmJJ alrb? =/c*+d? AnJJC‘*' 9* =t Us"‘J Sobstitvtion,
we  Know that J—a?'i' b -'H)?'F‘F' and So the relo.*trm is ‘[’Vans.‘ﬁ'uc,.

Thus 5 Eis an eTuNa(ev.ce, velation

(b) Describe geometrically, the equivalence class of the point (0, 1).

The eci,waulence, class 01— fhe Poir“f (0,0 is all points (q,(o) st abeR and J o = | ot+b?

60, ﬁ’u" = ﬁ*bz GlComd‘rica%,/ ‘Hnis wouw be au P°"'+5 on a circle of.
| = faTsp2 (‘a\Jius 1, Centered o the oriam.

| =a®+b? Written in the st Aoren it would bes
Elo,n) = {tb eR| o+l =1§

(c) Give a general description for what the equivalence classes look like.
Likc in Pa/-(: ’0, we Know {hat Ct]—ui‘“"“"lce Closses will ﬂ.&nual'& PoMJfS on acvele 7L
rodivs 5q"-;.y,"— Centered aroomd g origine
l()fiﬂ'w\ in| Set +olm, 6((&,&>=gc,del2 ”0\ +bz s Jc‘+d"3/ or any O'Htho;v\"s thet ave
the Sawe distance -f-«om He origin QS (a.)b}.
d) There is exactly one equivalence class with finitely many elements. What is it?
|

Does it look like the other equivalence classes?

TVlc on\\l C?uido.lénce class with o {—.-w"fe amouw"’oi-— g,ap,mw{'s S 6((0,0\).

This_is becavse €((0,0) will Only Confan The Pomé [ 0,0). EVM, ofher c?-uwaf,nce Clags will
Condain @n infim‘l-a amovnt of points, and genesate a cicle, whee & ((0,0)) will just be as;zk point,
not a cir



Sroour a{- [0 Pcoplc inte 2 groups of'

Z)EM_L& HOw mav\j wo«ys Yo SPL"I' [0
Size 3 “and one afooP af- size 4:
We know that e ase 10! ‘Pum*ahms o{— [0 people, s0 [R]= 10!

For'\'\v_s:ie a‘- ﬂe e?ﬂ“’“""'a C‘aSesl We ‘nqoe q,fuo ‘“m‘nas ‘/‘o Consider:
Lo 3! Woy s to ordur He first fovp -f- 3
e 3! woys o orJt.rﬂf.seco»nS fovp of 3 So C=3!3lql 2
o Y! way’s fo ordes {he gtovp of 4
* The |two grovps -‘- 3 can Swop and shill be cTuw-Jwé (2)

Using the, | Equivalacce principle, There are  I0! _ - 3‘”9\88&)‘: 3628900 — 9| AN

J I HR 3EMIL bob-yez | 1F2g O
b“jg to

‘S‘Fl:l'i'gﬁp

- V\! UsinJ fie efu:umknu Pf.'naplg

) U0F 1t e fumin (1) pL

We knooJ 'Hna{' ‘H"LI(, ore V\! &:s{‘inclr Pumd'l’whom ,,1, Eﬂ],So IA[:,"
Usi"j the C?uiw’\(‘"c‘ principle, k=l.gli we can vews it That as [Al=KC.
qlence CIAS‘SCSI we. kvtou’ ‘Hao:" k: /:‘) Ji as W |are Cln°°Srv:j

Because K is the. number of— C?.ui(l
Cis Hesize .‘- our eruwd‘nm Clagses, Tl:vg) C= k! (n-L)!

K-elewenks 1"""" n. Pdditanatsy,
This is due to e f«d Hhat we fz's’r ortange. oo K elemeals in k! ways, and fhen femoining elewerls, n—t,

Con be artange in (n—lc.)l WoS..
|
n

So lM:kC olvin (" e "\. {
"!:[23!(‘.0/\—&)[ o Sel j'f” (k)ﬁ $ (L)‘—‘.E\:&S‘.

UF#D3 Lot 122, and let S bean (nt)-sbset of [20]. Prove fhat Hore

Lt\ ?S exicts fwo pumbrs in S whase  Sum 1S 2 4],
Consides the 0”00'-'"3 partition ofvaT_l % £l:2n J {2/ 2""@; €3f2"'2}1 '~-'Z"‘:"*9}
e 2ntl, and e are n-clemenis in He partition.

Each pair in f Pavé.‘hw\ adds +o
In 3encul, each pair infle Pwl{h’on Can bel weithn ag fk, 2n+l-k3, whee 12kén,

Now, we know S [2n] and assome S contams one glement +raw' each pair in Te porhitian.
Howeves, becavse |S|zn+l Hhis means thet Hese most be at least ove pair §k ) 2at1-3,

Whee  both K, 2ntl-k €S, Becavse He som Of-ﬂe pair (S 2utl, Y exists A nombess i
S | whose | Som is Zntl by fhe P:swnhle Pr;nc;Plc.



5\ PO\C‘CJ '/l:]' # (.0&\0 COU\SIJQ/ 0\vnl 5 Poiﬂ"s 7"‘.HTPIGW. ‘HM',' Llau., iV\{"h?.e\/

rowt)f"'d es
Q\ BOVC 'H‘\W" there ave fwo PoM{S 3.t tle m?a]Po.'n'f' of Fhe Jre Seavvw"l'

(oning those +wo pomts alSo Mas intedes Coordinodtes.

D Sf:f")f;- 1;& Fts fx.,y,) p 12,4, (6,9, (% 44) 5 (%, yo)

Wc kwow 'Ula'l' MiJFoM+ behween 2 po;w{s, (’K; ,\\JA“(‘K‘; %3 s foowo’ by ‘H!. fnmu’oﬁ

= (Xt 3-'*3;)
Fof M ‘I'o ha\lo i’\‘}t v c,oofa{v\ou{‘eg, ’)C.-'I")(J' IMU.S‘"' bg, evén M ( a Tz

;1'\%- must be ‘even.  This can only happen o+ x} ond %y ave both evenn

os both oda, and fre sawe -’-vf J"jw’

Fach (’X;,ﬁ;_} can be classifed og: (C\ICV)' chn),(Cvev\, 0dd )I(OJJ) C\va\)’o/‘( oJ&, 0dd)
For beth Aot %y and i*rY; 2o add fo qiue an even M‘Ieae,r, both ("“,Si\ and ("‘313.)'3
must be fle Same parte-. Since then ar e points ond onlj ‘-lee’:Y CIoss;f.'ca'lrms,

b1 the Pigeon hole principle, at leagt fwo ponts must hove e sowe ?4«.'d1 closs;f.cachm,
av\a +hot miJPo.'fd’ wi“ h«w "m*tay caora'u\o.‘\fs.m i

bS Show that Hhis <5 not necessmlj rue with enly ,',ow Pants.
AN T ————

?,{,'- Cons:des oo poinks P=[0,0Y, B=(0,1) C=(1,0), and D= (I,1).

TLuiS Cvca*t; ‘HQ L‘ne Sc&mn‘\'s _A__B., E_C-I AD) Bc ’ BD, CD. M'“’: we f.'nJ He MIJP.:M‘
a* cach sede#.

— \
MSc)Pomf o{_ AR : (‘);o O+ ‘) - [O ',;'T) which doesu'+ have o;':.h’., Coovdinates
)

"

{V];,)Pm.f ,f_ E: ( Q:;_l_ ' sz*_ 0> - [ _ac_ ’ O) which docsn™ ha.,cor,\.;'t’,, Coovdinates
- | only
m7d?o=ﬂ+ 'f- AD ! (o;' , 9:%_ - 5': )_;IT) which docsw't hgue infeges Coordinates
m:dpo:nf »{. EE-’ O+l 140\ /1l U \ which doccu+ ha:n }1{;’,, Coodinates
FEEY N

Midooint oL o ny: [ OFL  1+1 which docsu™t | °'-‘\‘4', Jimates
lPo.nO{- %D T'T =[-2Ll\) RUC-V\’VCON\

M:o it —6--' \vl O+1\ 1\ which docs '+ h M,\.\L Coovdinates
e '{' C 2 2 I° I’ Z) Qs inltges



(Q\ PS Ll ?#? P'OUC Hoat the vesy |+ 0{- Hhe Ef‘o)é's -Saze keres them is best

possible, i that His possible +or a seguemce 01. it distined veal #%
4o have nether an Creasing s»bscrucmce + lmJH'. ntl now a
dCC'mswj Subscrvcwce '1~ ’thH‘ n+l.

Emm‘,le : w3

312

[ 2] | G[S[Y[a[g]Z
[l le pult]

n ol a2l 2402 w att

\
l

e d ’q 3 2([%?(;5{‘2\(10'1 e 14 (2

n
e [t [ o

Uz Jet » be positive mk%w We can ingtroct o Seguance n" Jistinet real # & which have
neithr an in Creasing Sobservmce + l,nju. n+l nov a de.c«as.mj Subserumce

o lengt it
Consider The i"haas 2\,2/ e n"_?. We will Jivide the 'm\uays into h Uodts/ each CM"‘m‘-:y

n elements.
For the k™ block, wha | | £k gn block will comsest of e inhgrs Ko, kn~ly-eo, kn=n+]

Sol ‘H‘g whole Q?«umcc is

- - cse LN z-
nlﬂ 'ln"z/tncl'/zn/Qr\ (]000/'\'-‘/ /Y\/'\ I)c.c/n V\‘fl

,vv
No lncreasing Sibgtgen hontls
‘_O,V\I:_%S‘md_ugtccczl-lovf n+

BCCNISC eﬂdﬂ b‘OCk is 0\#‘4-\70) N 8((/‘“3\.\'1 OI‘J(‘/-’ eacln SULSCTUT."IC'C Com o‘,‘(7

cv\'a;ﬂ 1 CI(ML“" 4"0"'\ chln b"’cl"l +¢v/ lk ‘0"?5* s‘,b'se V‘Vﬂcﬂ 4 ,‘eh" bl ,lt
’.
j\‘o DQ V€ N SUbgMV\(:C 4 lwll\ N | l :
'/C_ASQJ‘ } v

Within each block, elemals ar dkcrasigg . Since eluments of all suboepoent blocke
larogr fran the last glement of He coment block, to got o Sobgegyence of- Ny Lo,
it would hane do. hawe edpurts .f/om mu Hiple blocks \.JQ::

So/ we "\GU( ProUta’ 'HMUF Evab'S'Szdbues is bect 'Fogibk.g

ch isS not possible.



Let xy,x,,...,x, be a sequence of integers. Show that there exist integers ¢ and j

with 1 <7 < j < n such that the sum Y 7_. z; is divisible by n. (Hint: Think about
remainders when dividing by n.)

W6 kv\ow 'HM'I' i»f. Sow'HniU is aiu(dCo) bym, ‘H\';ft ave N Pcss;ble leymai ndecs 50,5%...,1:-!}

L-C'l' SK :7,+QXZ+-N + X 'f’r '“‘C lS“'k elements in the ,IS‘L
This gives nt+l S,

example ) 15" 0 elpurls S, =0
I 3 eleweas S;= Kt Yty
I* n eleweats S = %ttt Ky
B\/ the P:a(,oho’e Pﬁm‘cplcl Hhismeans at least two Se,. will shan g remamde:  We know et
by Modoler_asithemetic, thet ;{, a7.n =b%n, ten a-0%N=0, o n pill twnly divide T dftesence .
So, i-’- S\‘ Zon= ke av\a‘ S“',_' ‘7,«\:&./ +hev SJ-SI'.-( 7o N :9 in) we have fow,o)
Q'f,mu""’} C ana\j} d‘r\() thet E’X-{ will Jdivide lo\/ n

5

sC

We| Use 70 *‘-U mod in cowraf" saiaﬂCG, | Cﬂ*ﬂ"" rememlboes Whmf Yo\) ose), and CoWldat {«J in "lo"fS.

8) Fﬁ 5-:’1,#% Cons:o)e/ Hae \'JoSS:lok 4-uno+~'om5 ,{_: [?—1—-»):7:(

We know ther ae CI?Possbk wictivns,
q) How Mana have ofl:’)):g? f

Ong of e 7 wpuls is fb‘eo’/ but e oter & hiae 4 0P1"'°°"s, St He numbes
01_, +)qc+ihs with ‘F_(Z'D?g ,F_WW"}

How wiany hewe f(&) £F7
Sinet Hen are ?? =

assible 'fuvle\("'”‘s, Ml) we c)ow"f' wMJf H\Pos:b;ﬂ'es whee
£3)=8, o ﬁ’#ﬁﬂﬁsﬂwwwwwﬁ%@k
b) How maag howe ,f[[) # 5 and o ore —to—one ?

There are B choices for what {—CD Coold be.

One 4D is Chosen, Here az b vememia g :"Pﬁs and ?’rcmmg otpsts. Singe st e
one-fo-ome, this Can be ffP"SS'-J as [%)b .

So Hee ar MWWWL
C:) H’ow MM7 b\om fC-S €len, «!-or aﬂé 7

There grve our €lon numbys in [QJ'- fﬂ/ 4 &/ ?3

Since eac a‘;fh Seden .'w()ufs wmust 9° ts one of Hhese ,fou/‘ ovtputs,
Hhrew, are =

unc



J) How Wany have rnj({-)’fS,(og?

3
Sincetrer ave two ostputs, we bes\‘v- with & ctions. Howedw/ Smce W must hace
hd’_‘\ Se¢lo in the vng ( ), we Jo net want ® inelvde +he fw-c'f\'ov\ wher

eum’ ,{,[e):S, Yiez] and | e Eveny {—(£3=[a, veiel#].

S’,, there ave S oS

e) fow many in which ,{." iS mot q{-vna"fm?

I a uwc‘hlm is w+0 o, 'H‘A‘l Noollj mean 'HM'| ‘F‘ is q.!-unc}iov'.
hert " are (‘1); +unc+ron5 When f is one ~to-one.

Since | want ol V\on—in;)Cc'['M 4{-04&*%03,#!4! ane 9.

TYeST#10  Fr e b,

iﬂ_"’ S be' e set 01/ wou/S 'I'O JiS“‘filoof‘c k d.‘S'hnc," Concert frclets "'o n
distinet frivade.

(4),=4,kol 539

Lt A be one of He tickets. There ave n possible ,{.(.‘cno’s thot ticket
Could qo fo. P, assisn;ry Hot tickef, there are now N-{ fricads and &-!
tickels [So [nvl\k.' way's o distrbote. So, |Sf=n: ('m-—l\,t :

Thus, we have proven Ehat (h)k: n: (vl-”k_‘ o

n

n
\O Give a combinatorial proof that Z k (A) =n2" L.

k=0

o
i:" S be. 'HQ*,\SC{' of WQ\/S "‘0 u{-rl/w\ oL COMm++C(4. L-rCaPIt {-MM n- Pe.,P(,c ¢+

Select a \cadv, of ony size k

This Can be dove E{Y Ko () woys. We ac fosimg for e foful # ofwnys

$o 3;4- a commi++ez;\ any_Size, So we Sum all possible Commitice Sizes -)-,,a;-l—lm,
So Isls S k(1)
KO

BCSM by Pi('.(u a leoder from n-owlc. TW..«., we Can Creft s obseds
He mmqing n-l :é:':k. o «fwm all possib’t Comm.He Sizes. ‘{“""‘

S. [8l=n. " < M\ "
hed T\/\\)Slwc\l\w,s\wwnﬂ‘“" k%ok{k) n-2 o



WO 05, (R () (2= (00)

?}- sl'fposc we. Want to Select a Commithee o{— m+ | people fwam a
30’00‘)"- nrt| PCOPlc. TLWC ae (V\‘l-l 3 wmys to deo t.

AT SN m
Condition on whe is the  leadesr indhe cammtee.
Lecder is persam 47 kcd-af- Comifle is fo/meJ b Y ( ":l)

Leades is person &: kcs"‘af Comife s fﬂ/mJ bﬂ (;—l)

Leades is Person nt| ch‘o’- Comife is fﬂmo’ b y ( a)

AMi-y the all Togedhe gives ol Woys 4o farm The comithee.

S ()2
ms,(;)+( an (i)+..,+(2§ : (f.,’l'l) P

\@\«%&@ o ([ ) > ([0 (20 (000 - (<)

PE Suppose we want o choost L-JoUJhmuis ,{-/.m N vavreties. Thee ar
(%)) vays +o do #het
Conditim |01 Ak locakinn of fi last dooghot:
Last dovghst in Nasiehy 1 ¢ [[ |t|-l\\ to chaoge Femaining dovgluashs
Last doughmotin vasch 2| (7))

Last o\oujl\qu-}iv\\lu::#-’BI [(.,_34» go/ /S" //'tll\\i'(/:-m*‘f((':\-h\

@

6

0
Last Aoujlnv.ul' in Vuieb n- /(:—l\\

oy (L) (20 [ ) ()
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