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Start by drawing a circle [you can imagine this as a pizza]. We want to investigate cutting this circle into regions using line
segments [imagine using a pizza cutter to cut along a single line]. Let n be the number of line segments we add to “cut”
across the circle. Find the maximum number of regions for n =4 and n =5. Then, find an expression in terms of n that gives
the maximum possible number of regions for n line segments. Below, you can see the n=3 case, which results in 7 regions.
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Suppose 6 numbered discs are placed on a grid of 7 squares as shown. Suppose that you can move any disc to an adjacent
square, provided that square is unoccupied. Suppose you are also allowed to jump over a single disc in any direction into the
square immediately past it (provided that square is empty). You are not allowed to jump over more than one disc [the only
initial moves that are legal would be to move disc 1 one space to the left or to jump disc 2 over disc 1 into the empty square).

a)

b)

Find a sequence of legal moves that moves the discs from their present position (_,1,2,3,4,5,6) into the position
(_,6,5,4,3,2,1) [note that the leftmost square should be empty in both the starting and ending position].

Suppose we add an additional square to the right and an additional disc with label 7. If possible, find a sequence of

legal moves that moves the discs from the position (_1,2,3,4,5,6,7) to the “reversed” position (_,7,6,5,4,3,2,1).
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‘ a) For what values of n is it possible to move from (_1,2,3,...,n-1,n) to (_n,n-1,...,3,2,1)? Justify your answer.
\ b) For those values of n that are possible, what is the minimum number of moves needed?
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. Suppose the three sides of a triangle have lengths a, b, and c respectively. Further suppose that a, b, and c are positive

9

\ integers witha<b <c.

q a) Given that c = 7, find the number of different triangles that can be formed by assigning appropriate valuestoaand b. |
b) Given that c = 8, find the number of different triangles that can be formed by assigning appropriate valuestoaand b. |

c) Given thatc =9, find the number of different triangles that can be formed by assigning appropriate values to a and b.
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) b) How do your answers to A3 parts a), b) and c) and B3 part a) change if we insist that a, b, and c all have distinct —+
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Consider the numbers 1, 2, and 8. There are six permutations involving these three digits (without repetition): 128, 182, 218,

281, 812, and 821. If we add these six three-digit numbers together and take their average, we get 2442/6 = 407.

Notice that:
= the average ends up being an integer
= the digit sum of both the original digits and the digits in the average areequal: 1 +2+8=4+0+7

Let a, b, and c be a set of three distinct positive one-digit integers. Determine whether or not the average of the six

permutations of these three integers must always be an integer.
In cases where the average ends up being an integer, determine whether or not the sum of the original digits and the
sum of the digits in the average will always end up being equal.
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A “Simplex Lock” is a mechanical lock that opens only when the correct “combination” (a sequence of button pushes) is

entered. The rules for setting a “combination” are as follows:

\\ = A“combination” is a sequence of button pushes, with each push involving at least one button.
7 =  Each button may be used at most once (once you press any button, it stays pushed in).
c'\ =  Each push may include any of the buttons that have not been pushed yet, up to and including all remaining
\ &7 R buttons (so a single “push” can involve pressing more than one button simultaneously).
= The “combination” does not need to use all of the buttons.
J/ *=  When two or more buttons are pressed at the same time (as part of the same push), since they are pressed
o’

simultaneously, the order does not matter.
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Here are a few possible “combinations” for the 5 Button Simplex Lock:

= {{1,2,4}, {3,5}} [this represents first pressing buttons 1, 2, and 4 simultaneously, then 3 and 5 simultaneously]

= {{3,5}, {1,2,4}} [this represents first pressing buttons 3 and 5 simultaneously, then 1, 2 and 4 simultaneously]
Note that these first two examples are NOT the same combination.

= {{2}, {5}, {1}} [this represents pushing button 2 by itself, then 5 by itself, and then 1 by itself]

= {{}} [this represents leaving it unlocked]
= {{1,2,3,4,5}} [this represents pressing all 5 buttons at the same time]

a) How many distinct “combinations” are there on a 5-button Simplex Lock?
b) How many distinct “combinations” are there on a 6-button Simplex Lock?

¢) How many buttons are needed to give at least 1 million different “combinations”?

[ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [ [
Before discussing the problem with your group, spend 40-45 minutes working on this problem by yourself.

For the first 10 minutes, write down a list of different strategies that could be used to help solve the problem and any
mathematical concepts and resources that might be necessary. Keep a record of the ideas that you generate.

Shortly thereafter, spend an additional 30-35 minutes working to make progress on solving the problem. Once this time is up,
stop and note how far you got in your solution attempt.

Later, after you have had a chance to make significant progress working on the problem with your group, write a paragraph
comparing and contrasting what it was like working on this problem by yourself vs. working on this problem with your group.
You should turn in notes on your 10-minute “brainstorming session”, a record of the progress you made during your 30-
minute individual work session, and your paragraph reflection with your other standard solutions when you submit the
individual portion of this Problem Set.
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| Working on this problem by myself first allowed me to think about what it specifically was asking. | was

~ able to break down my thinking a bit more, and work through some simpler versions of the problem.
— However, there got to be a point when | was working through the problem (specifically the 5-button case),
— that there was just too much, and it was getting tough to organize my thinking.

. When | started working with my group, | was able to bring up some ideas that | had considered but hadn’t
spent a good deal of time with. We talked about partitions and Bell Numbers as being a possibility, but it

 didn’t seem like that was a good path to follow, as it seemed like we could probably break it down as a

- combination and think about it as patterns. It was helpful to talk through the reasoning with others and

— get immediate feedback. It also helped me find what patterns that | was missing when | was trying to

— break down the 5-button problem.




